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1 Parabolas 


Exercise 1 


In each of parts (a) and (b), write down the 
equation of the parabola in standard position 
with the given focus or directrix. 


. . — T. 
(a) Focus (15,0) (b) Directrix x = —% 


Exercise 2 

Consider the equation 
gL ty? =0. 

(a) Show that this equation represents a 
parabola in standard position. 

(b) Sketch the parabola. 


(c) Write down the coordinates of the focus 
and the equation of the directrix, and add 
these features to your sketch. 


2 Ellipses 


Exercise 3 


Find the eccentricity of the ellipse with 
equation 


Exercise 4 

In each of the following, given some 

information about an ellipse in standard 

position, find its equation. 

(a) Eccentricity 2/7/7 and a focus at 
(—2/7,0). 

(b) A vertex at (0,—/7) and a focus at 
(V 15,0). 

(c) Eccentricity 5/3 and a directrix 
x = 18/5/5. 


Exercise 5 

Consider the equation 
9x? + 49y? — 441 = 0. 

(a) Show that this equation represents an 
ellipse in standard position. 


(b) Find the vertices of the ellipse, and sketch 
it. 


(c) Find the eccentricity, foci and directrices 
of the ellipse, and add the foci and 
directrices to your sketch. 


Exercise 6 

Consider the equation 
2x? = 1 — Ay’. 

(a) Show that this equation represents an 
ellipse in standard position. 


(b) Find the vertices of the ellipse, and sketch 
it. 


(c) Find the eccentricity, foci and directrices 
of the ellipse, and add the foci and 
directrices to your sketch. 


3 Hyperbolas 


Exercise 7 


In each of the following, given some 
information about a hyperbola in standard 
position, find its equation. 


(a) Eccentricity v5 and a focus at (v10, 0). 
(b) A vertex at (6,0) and an asymptote 

Y = —57. 
(c) A focus at (34,0) and a directrix 

a = 9/34/34. 


Exercise 8 

Consider the equation 
9x? — 254? = 225. 

(a) Show that this equation represents a 
hyperbola in standard position. 


(b) Find the vertices and asymptotes of the 
hyperbola, and sketch it. 


(c) Find the eccentricity, foci and directrices 
of the hyperbola. 


Exercise 9 

Consider the equation 
3y? + 12 — 36x? = 0. 

(a) Show that this equation represents a 
hyperbola in standard position. 


(b) Find the vertices and asymptotes of the 
hyperbola, and sketch it. 


(c) Find the eccentricity, foci and directrices 
of the hyperbola. 


Exercise 10 


For each of the following equations, decide 
whether the equation represents a conic in 
standard position, and if it does, what sort of 
conic it is. 


2 
(a) 6+ 2 = 122? (b) 5 -6y =0 
2 2 2 
x £ y 
Z 1%? = eS 
() 6+2 1 (@6-L=4 


4 Conics not in standard position 


4 Conics not in 
standard position 


Exercise 11 


For each of the following equations, given that 
the equation represents a non-degenerate 
conic, determine what type of conic it is. 


(a) —x? + 3zy — 3y? + 22 — 4y+1=0 
(b) 2a? — Try + 5y? — z — 3y- 6 = 0 
(c) 3a? + 3y? — 6r +12y -5 = 0 


5 Parametric equations 


Exercise 12 


(a) Find the equation of the line described by 
the parametric equations 


eS 2¢— 1, y=—3t+ 4. 


(b) Draw the graph given by these 
parametric equations for the range of 
values —1 < t < m of the parameter t. 


(c) What value of t gives the midpoint of the 
line segment in part (b)? 


Exercise 13 


Two aircraft fly along straight-line courses at 
the same height and at steady speeds. At each 
time t (in hours) with 0 < t < 8, the position 
of aircraft A is given by (527t — 33, 308t + 36), 
and the position of aircraft B is given by 
(530¢ — 41, 305t + 38). These coordinates are 
with reference to a particular coordinate 
system, with distance measured in kilometres. 


What is the closest distance to which the 
aircraft approach each other, and when does 
this closest distance occur? 
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Exercise 14 


Write down a parametrisation of each of the 
following lines or line segments. 


(a) The line that passes through the point 
(5, —4) and has gradient —. 


(b) The line that passes through the two 
points (—1,6) and (3,8). 


(c) The line segment that joins the points 
(9,—5) and (—3, 2). 


Exercise 15 


Write down a parametrisation for each of the 
following curves. 


(a) The circle with centre (4,—3) and 
radius V3. 


(b) The semicircle shown below. 


RY 


Exercise 16 


Write down the standard parametrisation for 
each of the following conics in standard 
position. 


(a) The parabola with equation y? = 132. 


(b) The ellipse with equation 
16x? + 25y? = 1600. 


(c) The hyperbola with equation 


2 

y 
5x2- =I, 

7 — I6 


r2 


(d) The conic with equation 3y? = 3 — 3° 


Exercise 17 


Find parametric equations for each of the 
following curves. 


(a) The ellipse with equation 
ae, 
translated 3 units right and 1 unit up. 
(b) The hyperbola with equation 


81 20 
translated 2 units left and 7 units down. 


Solutions to exercises 


Solution to Exercise 1 


(a) Here a = 15, so the equation of the 
parabola is y? = 4 x 15x; that is, 
y? = 602. 


(b) Here a = 7 


g- 50 the equation of the 


parabola is y? = 4 x Za, that is, y? = $2. 


Solution to Exercise 2 
(a) The equation is 
g= ty? =0. 
Rearranging this to isolate y? on the 
left-hand side gives 
y? = 5a; 
that is, 
yY =4x oa. 


This equation is of the form y? = 4axz 


with a = 3. Hence it is the equation of a 


parabola in standard position. 


~ 
o 
we 


The vertex is (0,0). The parabola passes 
through the points (a,+2a), that is, 

5 45 
(7,43). 


A sketch of the parabola is shown below. 


YA 


Xy 


Solutions to exercises 


(c) The focus is the point (a, 0), that is, 
(2,0). The directrix is the line z = —a, 
that is, z = —3. They are shown below. 


Solution to Exercise 3 

The given equation is of the form 

x? /a? + y?/b? = 1 with a? = 121 and b? = 71. 
Hence the eccentricity of the ellipse is 


a ie [50  5V2 
a2 121 V121 11` 


Solution to Exercise 4 

(a) The ellipse in standard position that has 
eccentricity e and passes through the 
points (+a, 0) has foci (+ae, 0). 
Here, the focus is (—2\/7,0), so ae = 2\/7 
(note that by convention we take a > 0) 
and e = 2\/7/7, so 


ae 2/7 
— — — 7 
e W7/7 
As the eccentricity is 
b2 
e = 1— ae 


by squaring both sides and rearranging 
we can obtain the equation 

b? = a?(1 — e”). Substituting a = 7 and 
e = 2V7 /7 into this last equation gives 


2 
a 1- (4) 
7 


= 49 (1 — $) = 49 x 3 = 21. 
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The equation of the ellipse is then given 
by 


r2 y? 


a PO 
so it is 
P 2 
ey 
49 21 
The equation of the ellipse is 
x? /a? + y? /b? = 1, and as its vertices are 
at (+a, 0) and (0, +b), we have b = /7 
(as we take b > 0). As the foci are 
(+ae, 0), we have ae = v15. 


As the eccentricity is 


b2 


a2’ 


~ 


e=4/1— 
by squaring both sides and rearranging 
we can obtain the equation 

b? = a? (1 — e?), which can be further 
rearranged to give a? = b? + (ae)?. 
Substituting b = V7 and ae = V15 into 
this last equation gives 


a? = (V7) + (V15) = 7415 = 22, 


so the equation of the ellipse is 
2 2 
Tytsi 
22 7 


The ellipse in standard position that has 
eccentricity e and passes through the 


points (+a,0) has directrices x = ta/e. 
Here, the directrix is x = 18/5/5, so 

a 18/5 V5 

— = — and e= —. 

e 5 3 
Hence 


a 18/5 v5 
=-xe=— x — =6. 
e 


5 3 
Substituting into the equation 
b? = a? (1 — e?) gives 


= 36 (1 — 3) = 36 x $ = 16, 


27 
36 16 


Solution to Exercise 5 


(a) The equation is 


9x? + 49y? — 441 = 0. 


Rearranging this to obtain the constant 
term on the right-hand side gives 


Ox? + 49y? = 441. 
Dividing through by 441 gives 


T y 
E A 
49 i 9 f 
that is, 
2 2 
Cy We 4 
7 3 


This equation is of the form 

x? /a? + y?/b? = 1, with a = 7 and b = 3. 
Hence it is the equation of an ellipse in 
standard position. 


The vertices are (+7,0) and (0, +3). 


The ellipse is shown below. 


YA 
(0, 3) 


wa 


2 


2 

y 

Zal 
D 9 


(0, —3) 


The eccentricity is 


b2 J 9 {40 2y 
T=- == l= —— = Ss 
a? 49 49 T 
Hence 
24y 1 
a =7 ay = 2v 10, 


so the foci are (£210, 0), that is, 
approximately (46.3, 0). 
Also, 

a 7 49 49/10 

n Wi 0 
so the directrices are the lines 
„49710 

20 ° 

that is, approximately x = +7.7. 


RY 


Solutions to exercises 


The ellipse is shown below with its foci (c) The eccentricity is 


b? / 1/1 


y 
49/10 f 49/10 are oe V2 
20 OE a SA gS a. 


and directrices. 


Hence 
ae = M2 MPL 
z T 
so the foci are (+4,0). 
P Also, 
Apn AE (0, -3) 
pa E 
e y2 
so the directrices are the lines 
Solution to Exercise 6 ip a AH! 
(a) The equation is The ellipse is shown below with its foci 
2x? = 1 — Ay”. and directrices. 


Rearranging this to obtain the constant 
term on the right-hand side gives 


Qn? + dy? = 1. 
This equation can be written as 
x2 y2 


+ =], 
(1/2)? (1/2)? 
which is of the form x?/a? + y?/b? = 1, 
with a = 1//2 = /2/2 and b = 4. Hence 
it is the equation of an ellipse in standard 
position. 


(b) The vertices are (+V/2/2,0) and (0, + 


The ellipse is shown below. 


SY 


Nile 
x 


Solution to Exercise 7 


(a) The hyperbola in standard position that 
has eccentricity e and passes through the 
points (+a, 0) has foci (+ae, 0). 

Here, the focus is (v 10,0), so ae = v10 
and e = v5. Hence 


ae v10 
e ee 


(0, —3) 
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As the eccentricity is 


/ b2 
e= bEz 


by squaring both sides and rearranging 
we can obtain the equation 

b? = a? (e? — 1). Substituting a = v2 and 
e = V5 into this last equation gives 


? = (VI? (V5 - 1) =26- 1) =8. 


The equation of the hyperbola is then 
given by 


r2 y? 
ee” 
so it is 
2 2 
Len ai, 
2 8 


The hyperbola «?/a? — y?/b? = 1 has 
vertices at (ta,0) and asymptotes 
b 


y = +-r. 
a 


So here we have a = 6 and b/a = 4 (as by 
convention we take a,b > 0), thus b = 3. 
The equation of the hyperbola is therefore 
2 2 
Terei 
36 9 


The hyperbola in standard position that 
has eccentricity e and passes through the 
points (+a, 0) has foci (+ae, 0) and 
directrices z = +a/e. 

Here, a focus is (v34, 0), so ae = v34, 
and a directrix is x = 9/34/34, so 

aJe = 9\/34/34. Then 


9/34 
a? =ae x = = V34x SO = 9 
e 


2 ae v34 34 
aje 9/34/34 9 


Thus 
34 
P= ee- =o (2-1) 
25 
= 9 x — = 25, 
“9 
so the equation of the hyperbola is 
2 2 
2 eL 
9 25 


Solution to Exercise 8 
(a) The equation is 
9x? — 25y? = 225. 
Dividing through by 225 gives 


A N 
25 9 
that is, 
r? y? 
52 32 


This equation is of the form 

x? /a? — y? /b? = 1, with a = 5 and b = 3. 
Hence it is the equation of a hyperbola in 
standard position. 


(b) The vertices are (+5, 0). 


The asymptotes are the lines y = +22. 


The hyperbola is shown below. 


YA 


N 2 3 — 8 7 
tes 5T Y= zT z 


(c) The eccentricity is 


b2 9 34 v34 
e= 1+2 = 1t E a, 
a? 25 25 5 


Hence 
V 34 
se = 5x = VA, 
so the foci are (+V34, 0). 
Also, 
a 5 25 25/34 


e 34/5 v34 34’ 
so the directrices are the lines 


20V 34 


t =E . 


34 


Solution to Exercise 9 
(a) The equation is 
3y? + 12 — 36x? = 0. 


Rearranging it to obtain the constant 
term on the right-hand side gives 


36x? — 3y? = 12. 
Dividing through by 12 gives 


To get this into the form 
x? /a? — y? /b? = 1, we rewrite it as 


r? y? B 
1/33 4 ” 
that is, 
2 2 
o e ai 
(1/v3)} 2 


which is now in the required form with 
a = 1/V3 = V3/3 and b = 2. Hence it is 
the equation of a hyperbola in standard 


position. 
(b) The vertices are (+V/3/3, 0). 


The asymptotes are the lines 


that is, y = 


y= E T, 


42/32. 


Solutions to exercises 


(c) The eccentricity is 


eii yi typ 
Hence 


ae = — 


3 
E 


so the foci are (+v39/3,0). 


Also, 
a V¥3/3 v3 v39 
e yB 3/13 39° 
so the directrices are the lines 
xz = +v 39/39. 


Solution to Exercise 10 


(a) Rearranging the equation 


wa 


2 

y 2 
6 += = 12 
ts £ 


to obtain the constant term on the 
right-hand side gives 


2 
y 
12r? — — = 6. 
“6 
Dividing through by 6 gives 
2 
y 
2r -Z =1 
"Ta 
that is, 
r? y? 
a/v 6 


This equation is of the form 

x? /a? — y?/b? = 1, with a = 1/2 and 
b = 6. So it represents a hyperbola in 
standard position. 


Rearranging the equation 
x 
— — 6y? =0 
9 y 


to isolate the y? term on the left-hand 
side gives 


that is, 
y? =4x a6" 


This equation is of the form y? = 4axz 
with a = 5, So it represents a parabola 
in standard position. 


Exercise Booklet 4 


10 


(c) Rearranging the equation 


SS 


dp 40,7 
5 = By 


to obtain the constant term on the 
right-hand side gives 
2 
x 
124? — — =6. 
a: 


Dividing through by 6 gives 


r? 


oy = =], 
Y ~ 36 
that is, 
y? r2 7 
(1/V2)2 P 


This is not the equation of a conic in 
standard position. (The equation is, 
however, that of a hyperbola, resulting 
from rotating one in standard position 
through 90° anticlockwise about the 
origin.) 


Rearranging the equation 


ie B y2 
6 12 
to obtain the constant term on the 


right-hand side gives 


2 2 
“47 26. 
6 12 
Dividing through by 6 gives 
2 2 
en ee 
36 72 
that is, 
2 2 
al Y =i 
62 (6v2? 


This is not the equation of a conic in 
standard position. (The equation is in 
the form x?/a? + y?/b? = 1, but not with 
a>b>0. It does, however, represent an 
ellipse resulting from rotating one in 
standard position through 90° 
anticlockwise about the origin.) 


Solution to Exercise 11 


(a) The equation is of the form 


Az? + Bry + Cy? + Dr + Ey+F=0 
with A= —1, B = 3 and C = —3. This 

gives 
B? —4AC = 3? 
= —-3. 


4 x (-1) x (-3) 


(c) 


Since B? — 4AC <0, and A Æ C, the 
conic is an ellipse. 


The equation is of the form 
Az? + Bry + Cy? + Dr + Ey+F=0 
with A= 2, B = —7 and C = 5. This 
gives 

B? — 4AC = (-7)?-4x2x5=9. 


Since B? — 4AC > 0, the conic is a 
hyperbola. 


As the coefficient of xy is zero and the 
coefficients of z? and y? are equal, the 
conic is a circle. 


Solution to Exercise 12 


(a) 


The equation x = 2t — 1 gives 
t = $(x+1). Hence 
y=—3x g(@t1) +3 
=—4(£+1)+ Į = -4x +2. 


So the parametric equations give the line 
with equation y = -4r +2. 


Taking t = —1 gives 
z=2(—-1)-1=-3 
and 
y =-5(-1)+5=3, 


so an endpoint of the graph is (—3, 3). 
This endpoint is excluded. 


Taking t = 7 gives 
c=2xf-1=6 

and 
y=—-3x7t+5=0, 


so the other endpoint is (6,0). This 
endpoint is included. 


(—3, 3) YA 


(6, 0) 


See (TM or ee ame 


The value of t that corresponds to the 
midpoint is the value halfway between the 
endpoints —1 and 7 of the range of values 
of t; that is, it is t = 4(-1+2) = 3. 


Solution to Exercise 13 
At time t, the distance d between the two 


aircraft is given by 
d? = (530t — 41 — (527t — 33))? 
+ (305t + 38 — (308t + 36))? 
= (3t — 8)? + (—3t + 2)? 
= 9t? — 48t + 64+ 92? — 12t +4 
= 18t? — 60t + 68. 


Completing the square gives 
d? = 18 (t? — £t) +68 
= 18 ((¢—3)’- 2) +68 
=16G=2) 418. 


The term 18 (t — i never takes a value less 
than 0, and it takes the value 0 when t = 3. 
At this value of t, the value of d? is 18. Hence 
the minimum value of d is V18 = 4.24 (to 


2 d.p.). 


So the closest distance is approximately 
4.24km, and it occurs 1 hour and 40 minutes 
after the start time. 


Solution to Exercise 14 
(a) By the box before Example 10 in Unit 4, 


suitable parametric equations are 
e=5+t, y= —4— 4t. 
(There are other parametrisations of this 


line and those in the remaining parts.) 


(b) By the box before Activity 33 in Unit 4, 
the line has parametric equations 


x = £o + t(z1 — z0), Y= Yo +t(yı — yo), 


where (zo, yo) = (—1,6) and 
(71, y1) = (3,8). These parametric 
equations are 


e=—-1+t(3-(-1)), y=6+t(8—6), 


that is, 
r=-1+4t, y=6+2t. 


(If you take the points in the other order, 
then you obtain the parametric equations 


c=3-4t, y=8-— 2t.) 


Solutions to exercises 


(c) By the box before Activity 33 in Unit 4, 
the line segment joining the points 
(£o, yo) and (#1, y1) has parametric 
equations 


x = £o + t(x1ı — to), y = yo + t(yı — yo) 


with t restricted to 0 <t< 1. 


Here (zo, yo) = (9, —5) and 
(v1, 41) = (—3, 2), so the line segment has 
the parametrisation 


x=9+t(-3-9), y=-5+t(2—-(-5)) 


(0<t<)), 
that is, 


x=9-12t, y=-54+7t (O<t<1). 


(If you take the points in the other order, 
then you obtain the parametrisation 


z =—3+12t, y=2-7t (0<t<1).) 


Solution to Exercise 15 


(a) A suitable parametrisation is 
r=4+vV3cost, y= -3+ V3sint. 


(There are many other possible 
parametrisations. You could include a 
suitable range of values of t like 
0< t< 2r.) 


(b) The semicircle has centre (1,1) and 


radius V22 + 22 = 2⁄2. 


The angle of inclination of the diameter is 
37/4, so a suitable range of values for the 
parameter t is 
Taoa 
e 
and a suitable parametrisation is 


xr=1+2V2cost, y=1+2v2sint 


T 37 
—— < t< — |. 


(There are other ranges of values of t that 


will do just as well, such as 
TT lir 
<t< 


ae 


11 
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Solution to Exercise 16 


(a) The equation is of the form y? = 4ax 
where a = #8. So it has the standard 


parametrisation 
c= B?, y= Bt. 
(b) The equation 16x? + 25y? = 1600 can be 
written as 
ay? B 
100 64 


So it is of the form z?/a? + y?/b? = 1 
with a = 10 and b = 8. Hence the 
standard parametrisation is 


x = 10cost, y=8snt (0 1 < 2r). 


2 
(c) The equation 5x? — T = 1 can be 


written as 
r? y? 7 
G) 16 


So it is of the form x?/a? — y?/b? = 1 
with a = \/} = v5/5 and b = 4. Hence 
the standard parametrisation is 


5 
t= ome y =Atant 


Tape ee ae 
2 ra 2 


2 
(d) The equation 3y? = 3 — > can be 


written as 
2 

T 2 

Z +4? =l. 

9 y 
So it is of the form z?/a? + y?/b? = 1 
with a = 3 and b = 1. Hence the conic is 
an ellipse and its standard 
parametrisation is 


#=Acost, y=sint (0<t<2r). 


12 


eH 


Solution to Exercise 17 


(a) The equation 


r2 y? 


100 64 
represents the ellipse in standard position 
with a = 10 and b = 8. It has the 
standard parametrisation 


2=10cost, y=8sint (0<t< 2r). 


Translating this ellipse 3 units right and 
1 unit up gives the ellipse with 
parametrisation 

x =3+10cost, y=1+8sint 

(0< t< 2r). 


The equation 


represents the hyperbola in standard 
position with a = 9 and b = 2v5. It has 
the standard parametrisation 


z=9sect, y=2V5tant 


Trel Lae 
2 2 2 z j 


Translating this hyperbola 2 units left 
and 7 units down gives the hyperbola 
with parametrisation 


= —2 + 9sect, y= -7 + 2v5 tant 


x 
i Ta 
2 2 2 


